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In a recent experimental paper [A. Bid et al., Nature 466, 585 (2010)] a qualitative confirmation
of the existence of upstream neutral modes at the ν = 2/3 quantum Hall edge was reported. Using
the chiral Luttinger liquid theory of the quantum Hall edge we develop a quantitative model of the
experiment of Bid et al. A good quantitative agreement of our theory with the experimental data
reinforces the conclusion of the existence of the upstream neutral mode. Our model also enables us to
extract important quantitative information about non-equilibrium processes in Ohmic and tunneling
contacts from the experimental data. In particular, for ν = 2/3, we find a power-law dependence of
the neutral mode temperature on the charge current injected from the Ohmic contact.
INTRODUCTION
The quasi-one-dimensional edge channels supported by
fractional quantum Hall (FQH) states have for a long
time attracted attention of both theorists and experi-
mentalists. During the 1980s models emphasizing role of
edge states for FQH transport developed into a powerful
field-theoretical framework of a chiral Luttinger liquid
(CLL) [1]. A very rigid mathematical structure of the
latter led to a number of nontrivial predictions such as
fractionally charged quasiparticles, and excitations with
anyonic or even non-Abelian statistics. Some of these
predictions have been tested experimentally while others
still pose a challenge to experimentalists.
One of the milestones in the experimental studies of
the FQH effect is the recently reported observation [2]
of the neutral current (a transport channel which does
not carry electric charge) at the edge of the ν = 2/3
FQH state. The ν = 2/3 state is one of the simplest
for which the CLL theory is not consistent without a
neutral current. Moreover, the predicted flow direction of
this current is opposite to the electrons’ drift velocity [3,
4] and thus contradicts intuition based on the magnetic
hydrodynamics [5].
Apart from the detection of the upstream neutral
mode, the design of the experiment, Ref. [2], gave ac-
cess to a significant amount of quantitative data char-
acterizing the system [2, 6]. This motivates the present
work, where a detailed quantitative description of the
experiment is developed basing on the minimal ν = 2/3
edge model worked out in [3, 4] and supported by nu-
merical simulations of small systems [7, 8]. Within the
developed framework we analyze the data of [2] in order
to (a) check its consistence with the minimal ν = 2/3
edge model quantitatively and (b) extract new informa-
tion about ν = 2/3 edge physics.
While we find excellent agreement of our theory with
the experimental data of Ref. [2], we would like to re-
mark that a number of alternative theories have been
proposed recently in order to explain other experimental
results such as those of Ref. [9]. These theories extend the
minimal ν = 2/3 edge model by introducing new physics,
such as edge reconstruction [10] or bandwidth cutoffs [11],
at some intermediate energy scale. Such extensions can
be incorporated into our framework. However, as they
contain additional unknown parameters, their compari-
son against experiment can only be insightful with more
independent experimental data.
DESCRIPTION OF THE EXPERIMENT [2]
Here we briefly discuss the experiment [2] where the
upstream neutral currents at the quantum Hall (QH)
edge were investigated.
Figure 1 shows a sketch of the experimental de-
vice. The green (color online) region is the AlGaAs
heterostructure with the light-green showing where the
2DEG (two-dimensional electron gas) is actually present.
The sample is in the transverse magnetic field so that the
filling factor is 2/3 and the corresponding quantization
of the Hall conductivity is observed. Green arrows show
the direction of the electrons’ drift velocity which coin-
cides with the flow direction of the charge transporting
channel (charged mode). Yellow patches represent Ohmic
contacts. The purple rectangular pads on top of the sam-
ple are the gates which allow one to make a constriction
which plays the role of tunneling junction (denoted as
QPC — quantum point contact — in the figure). Con-
tacts Ground 1 and Ground 2 are grounded. Source N
and Source S are used to inject electric current into the
device. Measurements of electric current and its noise
are performed at Voltage probe.
The idea of the experiment is as follows. Suppose a
current In is injected into Source N. If the edge supports
only one chirality (counterclockwise) then anything in-
jected into Source N will be absorbed by Ground 1 and
have no effect on Voltage probe. However, if we assume
that there is a neutral mode flowing clockwise, informa-
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2Figure 1. Scheme of the experimental device. (Color
online). Contacts Ground 1 and Ground 2 are grounded.
Source N and Source S are used to inject some electric current
into the system. Measurement of the electric current and its
noise is performed at the Voltage probe.
tion about the events in Source N carried by the neutral
mode may reach QPC. In QPC such information may be
transmitted to the opposite edge and then transported
to Voltage probe by the charged mode. In particular, let
us assume that the injection of the current In excites
the neutral mode flowing out of Source N towards QPC.
Due to the tunneling across QPC of quasiparticles having
both charged and neutral degrees of freedom the neutral
mode excitations will be converted into the current noise
at Voltage probe. Thus, the presence of the counterprop-
agating neutral mode implies that the noise observed at
Voltage probe should depend on the current In. Such a
dependence was reported in [2].
The observation of the theoretically predicted up-
stream neutral mode is a very important qualitative re-
sult. However, experimental techniques and numerical
data reported in [2] go far beyond this achievement pro-
viding a lot of implicit quantitative information about
current fractionalization in Ohmic contacts, transport
along the QH edges and quasiparticle tunneling across
the QPC. In order to effectively utilize this quantitative
information one needs an analytical theory of the exper-
iment based on the modern understanding of the FQH
edge. The goal of this work is to discuss the results of [2]
within such a theoretical framework.
THEORETICAL PICTURE OF THE
EXPERIMENT
Our theoretical description of the experiment has three
key ingredients: the effective theory of the quantum Hall
edge, a model of the QPC, and phenomenological as-
sumptions about the interaction of the Ohmic contacts
with the QH edge. The former two are based on the stan-
dard theoretical framework which we briefly review in the
next section. In this section we focus on the general pic-
ture of the experiment, paying particular attention to the
assumptions regarding the Ohmic contacts.
Our theoretical model of the experiment is illustrated
in Fig. 2. Each edge supports one counterclockwise
charged mode and one clockwise neutral mode. The two
edges approach each other in the QPC region where the
tunneling of the quasiparticles between the edges occurs.
Our quantitative theory is developed for the case of weak
quasiparticle tunneling. The Ohmic contacts are shown
as rectangles. We assume that any excitations of neutral
and charged modes are fully absorbed by the Ohmic con-
tacts they flow into. We further assume strong equilibra-
tion mechanisms at the edge so that the hydrodynamic
description can be used. That is, each edge can be char-
acterized by local point-dependent thermodynamic vari-
ables including the charged mode chemical potential µ(c),
the charged mode temperature T ′ and the neutral mode
temperature T , and any other thermodynamic variables
arising due to the existence of extra conserved quanti-
ties. We assume that in the absence of currents (In = 0
and Is = 0) the edges are in equilibrium with the en-
vironment so that all modes’ temperatures are equal to
the base temperature T0 and the chemical potentials are
equal to zero. Away from this state the temperatures
and chemical potentials are unknown functions of In and
Is, and other thermodynamic variables are assumed to
be unaffected by the injection of currents In, Is. The
functions µ(c)(In, Is), T (In, Is), T
′(In, Is) for each edge
are defined by the interaction of the Ohmic contact with
the edge, however no predictive theoretical model of such
interaction is known today. As we show, these functions
can be inferred from the experimental data under some
plausible phenomenological assumptions.
We assume that there is a strong heat exchange be-
tween the modes at each edge. In this approximation
the local temperatures of the two modes coincide at each
point along the edge: Tn = T
′
n, Ts = T
′
s. Moreover, fol-
lowing [2] we assume that the lower edge temperature
is equal to the base temperature (Ts = T
′
s = T0); that
is, the electric current Is injected by the Ohmic contact
Source S does not induce any nonequilibrium noise to
the lower edge charged mode.
FORMALISM OF THE EDGE FIELD THEORY
In this section we give a brief overview of the CLL
formalism [1, 12, 13] which is believed to provide the ef-
fective theoretical description of a fractional QH edge.
We then focus on a particular edge model relevant to the
experiment [2]. We conclude this section by a discus-
sion of the model Hamiltonian describing the tunneling
of quasiparticles between the QH edges.
3Figure 2. Theoretical picture of the experiment. (Color
online). The injected current In ”heats” the neutral mode
of the upper edge to the temperature Tn. Equilibration pro-
cesses between the charged and the neutral modes lead to the
charged mode temperature T ′n = Tn. Both modes at the lower
edge have the temperature of the environment: T ′s = Ts = T0.
Tunneling of the quasiparticles at the constriction induces ex-
tra noise in the charged mode of the lower edge which is de-
tected at the Voltage probe. Injection of the current Is only
changes the chemical potential of the charged mode of the
lower edge.
General formalism[14]
Abelian QH edge theories are usually formulated in
terms of bosonic fields ϕi(x, t), where t is time and x
is the spatial coordinate along the edge. Each field ϕi
represents an edge mode. Suppose that we have N edge
modes and correspondingly N fields ϕi with i = 1, ..., N .
Then the dynamics of the edge is described by the effec-
tive action[15]
S =
1
4pi
∫
dxdt
∑
i
(
−χiDxϕiDtϕi − vi(Dxϕi)2+
+ qiε
µνaµ∂νϕi
)
, (1)
where vi ∈ R+ are the propagation velocities, χi = ±1
represent chiralities of the modes (plus for the clock-
wise and minus for the counterclockwise direction), and
aµ(x, t) is the electromagnetic field potential at the edge.
Covariant derivatives are defined as Dµϕi = ∂µϕi −
χiqiaµ. The coupling constants qi provide information on
how the electric charge is distributed between the modes.
The symbol εµν denotes the fully antisymmetric tensor
with µ, ν taking values t and x (or 0 and 1 respectively)
and εtx = ε01 = 1.
Conservation of total electric current in the whole vol-
ume of a 2D sample leads to the condition [12, 13]∑
i
χiq
2
i = ν. (2)
The electric current at the edge is
Jµ =
δS
δaµ
=
1
2pi
∑
i
qiε
µνDνϕi +
ν
4pi
εµνaν . (3)
In the presence of the electric field it is not conserved:
∂µJ
µ = − ν
4pi
εµν∂µaν 6= 0, (4)
which is a manifestation of the inflow of the Hall current
from the bulk.
In the absence of the electric field aµ(x, t) = 0 the
current is conserved and has the form
Jµ =
1
2pi
∑
i
qiε
µν∂νϕi, ∂µJ
µ = 0 (5)
In the rest of this section we assume that aµ(x, t) = 0.
Beyond the electric current one can also define neutral
currents
Jµn =
1
2pi
∑
i
piε
µν∂νϕi, ∂µJ
µ
n = 0, (6)
with vector p = (p1, ..., pN ) being linearly independent
of vector q = (q1, ..., qN ).[16]
The quantized fields ϕi can be presented as follows
ϕi(x, t) = ϕ
0
i +
2pi
L
pi0iXi+
+ i
∞∑
n=1
√
2pi
Lk
(
ai(k) exp(−ikXi)− a†i (k) exp(ikXi)
)
(7)
where Xi = −χix + vit, k = 2pin/L, n ∈ N; L → ∞ is
the system size, ai(k) and a
†
i (k) are the annihilation and
the creation operators respectively, and ϕ0 and pi0 are
the zero modes:
[ai(k), a
†
j(k
′)] = δijδkk′ , [pi0i , ϕ
0
i ] = −iδij . (8)
The fields ϕi obey the commutation relation of chiral
bosons:
[ϕi(x, t), ϕj(x
′, t′)] = −ipisgn(Xi −X ′i) δij . (9)
The edge supports quasiparticles of the form
Vg(x, t) =
(
L
2pi
)−∑i g2i /2
: exp
(
i
∑
i
giϕi(x, t)
)
:,
(10)
which are important for the processes of tunneling at the
QPC. The notation : ... : stands for the normal order-
ing, g = (g1, ..., gN ), and gi ∈ R are the quasiparticle
quantum numbers.
4Among the quasiparticle fields there has to be a field
representing an electron which is the fundamental con-
stituent particle:
ψ(x, t) =
(
L
2pi
)−∑i a2i /2
: exp
(
i
∑
i
aiϕi(x, t)
)
:, (11)
ai ∈ R. Minimal models of the QH states of Jain series
ν = N/(2N ± 1) have N electron operators each repre-
senting a composite fermion Landau level:
ψα(x, t) =
(
L
2pi
)−∑i e2αi/2
: exp
(
i
∑
i
eαiϕi(x, t)
)
:,
eαi ∈ R. (12)
The electron fields have to satisfy the following con-
straints:
{ψα(x, t), ψα(x′, t)} = 0
ψα(x, t)ψβ(x
′, t)± ψβ(x′, t)ψα(x, t) = 0, α 6= β
[J0(x, t), ψα(x
′, t)] = δ(x− x′)ψα(x, t).
(13)
where J0 is charge density operator defined in Eq. (5),
{...} denotes the anti-commutator, and a plus or minus
sign in the second equation can be chosen independently
for each pair (α, β); α, β = 1, ..., N .
For the parameters eαi in Eq. (12) these constraints
imply
eα · eα ∈ 2Z+ 1, eα · eβ ∈ Z, q · eα = −1 (14)
where we defined eα = (eα1, ..., eαN ) and q = (q1, ..., qN )
with qi being the coupling constants from the action (1),
and the operation A ·B ≡∑Ni=1 χiAiBi.
Equations (14) have many inequivalent solutions each
defining a topological QH class. It is convenient to
parametrize these classes with the help of the K-matrix:
Kαβ = eα · eβ . (15)
Consider now a QH fluid corresponding to a particular
solution {e1, ..., eN} of Eqs. (14). The spectrum of the
quasiparticles (10) present in the model is determined
from the requirement of mutual locality with all the elec-
tron operators:
ψα(x, t)Vg(x
′, t) + sVg(x′, t)ψα(x, t) = 0, (16)
where s is either +1 or −1 depending on the particular
quasiparticles.
This leads to the following restrictions on the parame-
ters gi in Eq. (10):
g · eα = nα ∈ Z, α = 1, ..., N, (17)
where g = (g1, ..., gN ). The set of numbers nα completely
defines the properties of a quasiparticle operator.
For the following considerations two quantum numbers
of the quasiparticle operator (10) are of particular impor-
tance: the electric charge Q and the scaling dimension δ.
They are given by
Q(n) = q · g =
∑
αβ
K−1αβnβ , (18)
δ(n) =
1
2
∑
i
g2i . (19)
The minimal model the ν = 2/3 QH edge
Here we use the general principles discussed above to
obtain the minimal model of the ν = 2/3 QH edge. This
model emerges from different semi-phenomenological the-
oretical approaches to the QH edge [17, 18] and is the
most likely candidate to describe this fraction [8].
First, we note that it is impossible to satisfy the con-
straints (2) and (14) assuming that N = 1. For N = 2
we choose the charge vector[19]
q = (
√
2/3, 0) (20)
and chiralities
χ1 = 1, χ2 = −1. (21)
Then equations (14) lead to an infinite one-parameter
family of solutions:
e1 =
(
−
√
3
2
,
√
3
2
+ 2m+ 1
)
, (22)
e2 =
(
−
√
3
2
, −
√
3
2
+ 2m+ 1
)
, (23)
where m = −1, 0, 1, 2, ...
The electron operators have the smallest scaling di-
mension for m = −1, which gives
e1,2 =
(
−
√
3
2
, ±
√
1
2
)
(24)
and the K-matrix
K =
(
1 2
2 1
)
. (25)
This defines the minimal model of the ν = 2/3 QH edge.
The quasiparticle spectrum of the model is defined by
Eq. (17). The parameters of the three excitations which
are most relevant for tunneling across the QPC are given
in Table I.
We find it convenient to define the neutral current (6)
with
p = (0,−1). (26)
5Table I. Parameters of the most relevant excitations in the
minimal model of the ν = 2/3 QH edge (see Eqs. (10), (17),
(18), and (19)).
Type g1 g2 Q δ
1
√
1/6
√
1/2 1/3 1/3
2
√
1/6 −√1/2 1/3 1/3
3
√
2/3 0 2/3 1/3
Tunneling of quasiparticles across the QPC
Wherever the two QH edges approach each other at a
distance on the order of the magnetic length processes of
quasiparticle exchange between the edges are possible. It
is widely accepted [12, 20, 21] that such processes can be
described by adding the following term to the Hamilto-
nian:
HT =
∑
g
ηgV
(u)†
g (0, t)V
(l)
g (0, t) + h.c., (27)
where the superscripts (u), (l) label quantities relating to
the upper and the lower edge respectively; for simplicity
we assume that tunneling occurs at the origin. In the
case of weak tunneling across the bulk of the QH state the
sum runs over all quasiparticles in the model. However,
at small energies quasiparticles with the smallest scaling
dimension δ(g) have the largest tunneling amplitude ηg,
thus giving the most important contribution.
CALCULATION OF OBSERVABLE QUANTITIES
In this section we derive analytical expressions for two
observable quantities as functions of the experimentally
variable parameters. These quantities include the tunnel-
ing rate that is the ratio of the current tunneling across
the QPC to the Source S current Is and the excess noise
in the Voltage probe which is the noise in the Voltage
probe in the presence of currents In, Is less the equilib-
rium noise at In = Is = 0. We further demonstrate that
it is advantageous to consider the ratio of these quanti-
ties rather than each separate one. This way the influence
of non-universal physics of the tunneling contact can be
reduced.
Our expressions for the excess noise and the tunneling
rate, presented in Eqs. (40)-(46), are in full agreement
with Eqs. (10) and (11) of Ref. [22].
Tunneling rate
As it was mentioned in the previous section, the most
important contribution to the tunneling processes is due
to the most relevant excitations. Such excitations are
listed in Table I, and we restrict our considerations to
these excitations only. To this end we introduce the fol-
lowing notation ψi(x, t) = Vgi(x, t) where gi, i = 1, 2, 3
are the three most relevant quasiparticle vectors given in
Table I.
The tunneling Hamiltonian can then be written as
HT =
3∑
i=1
ηiAi(t) + η
∗
iA
†
i (t), (28)
Ai(t) = ψ
(u)†
i (0, t)ψ
(l)
i (0, t) (29)
where the superscripts (u), (l) label quantities relating
to the upper and the lower edge respectively and ηi are
unknown complex phenomenological parameters.
We calculate the tunneling current within the second-
order perturbation theory in the tunneling Hamiltonian.
The detailed derivation can be found in Appendix B. The
resulting tunneling rate is given by the Kubo formula:
r =
∣∣∣∣ITIs
∣∣∣∣ =
∣∣∣∣∣∣ 1Is
∑
i
|ηi|2Qi
∞∫
−∞
dτ
〈[
Ai(τ), A
†
i (0)
]〉∣∣∣∣∣∣ ,
(30)
where IT is the tunneling current and Is is the current
originating from Source S. Apart from r, paper [2] uses
t = 1− r.
Excess noise
Noise spectral density of the electric current flowing
into the Voltage probe (see Fig. 2) can be calculated as the
Fourier transform of the two-point correlation function of
the current operator I,
S(ω) =
∞∫
−∞
dτ exp
(
iωτ
)1
2
〈{
∆I(0),∆I(τ)
}〉
, (31)
where {. . . } denotes the anti-commutator, and
∆I = I − 〈I〉.[23]
It is convenient to separate the operator I of the full
current flowing to the Voltage probe into I0 + IT with
I0 = J
µ(l)(x = −0, t = 0)|µ=1=x being the spatial compo-
nent of the operator Jµ(x, t) defined in Eq. (5) which rep-
resents the electric current flowing along the lower edge
just before the tunneling point, and IT being the tunnel-
ing current operator. Then the noise can be represented
as follows:
S(ω) = S00(ω) + S0T (ω) + S0T (−ω) + STT (ω),(32)
Sab(ω) =
∞∫
−∞
dτ exp
(
iωτ
)1
2
〈{
∆Ia(0),∆Ib(τ)
}〉
, (33)
with ∆Ia = Ia − 〈Ia〉, indices a, b take values 0 and T .
6We are interested in the low-frequency component
measured in the experiment. To a good approximation
this can be replaced by the zero-frequency component
S(ω = 0). Within the second order perturbation theory
we find
S00(0) =
ν
2pi
Ts, (34)
STT (0) =
∑
i
|ηi|2Q2i
∞∫
−∞
dτ
〈{Ai(0), A†i (τ)}〉, (35)
S0T (0) =
1
2
∑
i
|ηi|2Qi
∞∫
−∞
dτ
∞∫
−∞
dτ ′
〈{∆I0(0), [Ai(τ ′), A†i (τ)]}〉. (36)
We remind the reader that Ts is the lower edge temper-
ature in the neighborhood of the QPC. These formulas
are derived in Appendix C.
The contribution S00 is the Johnson-Nyquist noise of
the lower edge. If we restore e, ~, and kB we see that
S00(0) = kBTs/R, R = 2pi~/(νe2) = h/(νe2). Since
the Voltage probe contact not only absorbs the lower
edge charged mode but also emits another charged mode
which flows to the right of it, the actual Nyquist noise
measured in the contact will be SJN (0) = 2kBTs/R, in
agreement with general theory of Johnson-Nyquist noise.
The factor of 2 difference from the Nyquist noise expres-
sion used in [2] is due to the noise spectral density defi-
nition as discussed in footnote [23].
Following [2] we define the excess noise
S˜(0) = S(0)− Seq(0), (37)
where Seq is the equilibrium noise spectral density (i.e.
the noise when Is = 0 and In = 0, meaning that the edge
temperatures are equal to the base temperature: Ts =
Tn = T0). It turns out that Seq(0) = S00(0) resulting in
S˜(0) = 2S0T (0) + STT (0). (38)
This fact is proven in Appendix D using the explicit for-
mulas for S0T (0), STT (0) obtained in Appendices C1 and
C2.
Noise to tunneling rate ratio[24]
Expressions (30), (35), and (36) depend on the tunnel-
ing constants ηi. It is well known (see e.g. [25–27] and
references therein) that the tunneling amplitudes ηi in
electrostatically confined QPCs strongly depend on the
applied bias voltage in a non-universal way, probably due
to charging effects. Therefore one would like to exclude
this dependence from the quantities used for comparison
with experiment.
Consider the ratio of the excess noise to the tunneling
rate:
X =
S˜(0)
r
= eIs
∑3
i=1 θiFi∑3
i=1 θiGi
= eIs
F1 + θF3
G1 + θG3
, (39)
where θi = |ηi|2(vc/vn)2((gi)2)2 , θ = θ3/(θ1 + θ2), vc and
vn are the propagation velocities of the charged and the
neutral mode respectively, and e is the elementary charge.
The number (gi)2 is presented in the column g2 of Ta-
ble I for each of the three excitations enumerated by i.
Functions Fi and Gi (see Appendices B1, C1, C2 and
E) represent contribution of different excitations to the
excess noise and tunneling current respectively. In par-
ticular, the excess noise is given by
S˜(0) =
4e2(piTs)
4δ−1
~4δ+1v4δc
∑
i
θiFi, (40)
and the tunneling rate is equal to
r =
4e(piTs)
4δ−1
Is~4δ+1v4δc
∑
i
θiGi. (41)
The explicit form of these functions is presented below.
Note that F1 = F2 and G1 = G2.
Gi = sin 2piδ
∞∫
0
dt
Qiλ
2δ sinQijst
(sinh t)2δ (sinhλt)2δ
(42)
Fi = F
TT
i cos 2piδ −
2
pi
F 0Ti sin 2piδ, (43)
FTTi = Q
2
i×
× lim
ε→+0
 ε1−4δ
1− 4δ +
∞∫
ε
dt
λ2δ cosQijst
(sinh t)2δ (sinhλt)2δ
 (44)
F 0Ti =
∞∫
0
dt
Q2iλ
2δ t cosQijst
(sinh t)2δ (sinhλt)2δ
(45)
js =
Is
I0
, I0 = ν
e
h
pikBTs = ν
e
h
pikBT0, (46)
where λ = Tn/Ts, Tn is the local upper edge temperature
at QPC, Ts = T0 is the local lower edge temperature at
QPC, e is the elementary charge, h = 2pi~ is the Planck
constant, kB is the Boltzmann constant, ν = 2/3 is the
filling factor, and the scaling dimension δ and the quasi-
particle charges in the units of the elementary charge Qi
can be found in Table I.
7Remarks on non-universality in the noise to tunneling rate
ratio
It is easy to see that if any one quasiparticle domi-
nates tunneling (for example, if θ → ∞) then the un-
wanted non-universal dependence of the tunneling am-
plitudes on the applied bias voltage does not enter the
expression (39). If we assume that the SU(2) symmetry
of the edge [3, 4] is for some reason preserved at the tun-
neling contact so that |η1|2 = |η2|2 = |η3|2, then again
the non-universal behavior of the tunneling amplitudes
does not enter the expression X; moreover, in this case
finding θ allows us to determine the vc/vn ratio. In gen-
eral, though, θ may exhibit some non-universal behavior.
Anticipating results, we can say that, surprisingly, θ does
not seem to exhibit any strong dependence on Is or In.
For the following considerations we also give the large-
Is asymptotic behavior of the noise to tunneling rate ratio
(39) which we derive using Eqs. (42)-(46):
Xλ,θ(Is)|Is→∞ = Q1e|Is|
1 + θ(In, Is)(Q3/Q1)
4δ+1
1 + θ(In, Is)(Q3/Q1)4δ
=
e
3
|Is|1 + 2
7/3θ(In, Is)
1 + 24/3θ(In, Is)
. (47)
This asymptotic expression can give the reader an idea
as to the effect introduced by the non-universal function
θ(In, Is). One can see, for example, that the gradient of
the asymptote increases by a factor of 2 as θ increases
from zero to infinity.
COMPARISON WITH THE EXPERIMENT
In this section we compare our analytical results with
the experimental data.
The following data are available from the paper [2]:
the transmission rate t = 1 − r dependence on the cur-
rents In and Is (Fig. 3(a) of [2]), the dependence of the
excess noise at zero frequency on the currents In and Is
(Fig. 3(a) of [2]) and the dependence of the excess noise
at zero frequency on the current In for Is = 0 (Fig. 2 of
[2]).
It is a well-known problem (see, e.g., [25–27] and ref-
erences therein) that the dependence of the transmission
rate t on the current Is does not have the form predicted
by the minimal model of tunneling defined in Eqs. (28),
(29). A possible explanation is the non-universal depen-
dence of the tunneling amplitudes ηi on Is due to elec-
trostatic effects. As discussed in the previous section
this problem can be avoided in simple cases by consid-
ering the ratio of the excess noise to the tunneling rate
r = 1−t. However, in the present case a certain degree of
non-universality remains due to the non-universal func-
tion θ(In, Is). The theoretical expression for the noise to
tunneling rate ratio Xλ,θ(Is) is given by Eq. (39), where
λ = Tn/Ts is the ratio of the two edges’ temperatures.
Neither θ, nor λ can be calculated theoretically and we
will deduce them from fits of the experimental data. We
assume that λ depends on In but not on Is; we also as-
sume that the non-universal behavior of the tunneling
amplitudes does not lead to any significant dependence
of θ on the currents In, Is. While the former assumption
is physically plausible in the weak tunneling regime, the
latter one is motivated by our intention to reduce the
number of fitting parameters as much as we can.
In Fig. 3 the results of fitting Xλ,θ(Is) to the experi-
mental data taken from Fig. 3(a) of [2] are shown. Op-
timal fits are found for each set of points corresponding
to a given value of In with θ and λ being fitting parame-
ters. The corresponding values and standard deviations
of fitting parameters are shown in Table II. For In = 0
we have set λ = 1 by definition.
Table II. Results of fitting the experimental points from
Fig. 3(a) of [2] by the function Xλ,θ(Is) defined in Eq. (39).
Fitting parameters λ and θ are defined independently for each
value of current In. ∆λ and ∆θ are standard deviations of λ
and θ respectively.
# In (nA) λ ∆λ θ ∆θ
1 0.0 1.00 − 0.53 0.04
2 0.5 4.48 0.19 0.44 0.03
3 1.0 6.16 0.15 0.35 0.02
4 1.5 7.32 0.17 0.30 0.02
5 2.0 8.65 0.13 0.36 0.03
As one can see from the Table II, the values of θ do not
vary significantly. Thus we repeat the fitting procedure
with θ equal to the mean of the five values and λ being
the only fitting parameter. The resulting fits and values
of λ are presented in Fig. 4 and Table III. As one can
see the fits remain good, thus we cannot reliably find the
extent of deviation of θ from a constant value with the
available experimental data.
Table III. Results of fitting the experimental points from
Fig. 3(a) of [2] by the function Xλ,θ(Is) defined in Eq. (39).
Fitting parameter λ is defined independently for each value
of current In for fixed θ = θmean =
∑
i θi/5 = 0.39. ∆λ is the
standard deviation of λ.
# In (nA) λ ∆λ
1 0.0 1.00 −
2 0.5 4.62 0.18
3 1.0 5.98 0.14
4 1.5 6.99 0.17
5 2.0 8.55 0.11
8Table III gives us some data on the dependence of Tn =
λTs = λT0 on the current In. We further investigate this
by fitting it with the following function:
Tn = T0
(
1 + C |In|a
)
, (48)
where C and a are fitting parameters. The resulting fit
is shown in Fig. 5. The corresponding values of fitting
parameters are a = 0.54(5), C = 5.05(13) nA−a. This
disagrees with the claim of Ref. [22] that the experimental
data are consistent with a linear Tn dependence on In.
We cannot analyze the source of this discrepancy because
Ref. [22] does not contain sufficient detail as to how the
comparison with the experiment was done.
Using the phenomenological dependence (48) it is pos-
sible to predict the noise to tunneling rate ratio at any
Is, In without any further fitting procedures (we still
take θ = θmean = 0.39). So we can test the formula (48)
by comparing the theoretical prediction of Xλ,θ(Is) to
another data set. We take the experimental data for the
excess noise S˜(0) dependence on In for Is = 0 from Fig. 2
of the paper [2] for t = 1− r = 80%. The resulting com-
parison of the noise to tunneling rate ratio X is shown in
Fig. 6. An excellent agreement of theoretical curves and
experimental points gives an independent confirmation
of the result (48).
Figure 3. Excess noise to tunneling rate ratio as a
function of the current Is. (Color online). Shown are
experimental points and fits thereof by theoretical curves for
different values of the current In. The legend shows the In
value in nA for each curve (plot symbol). Fitting parameters
λ and θ are defined independently for each value of In.
DISCUSSION
In this section we discuss the results of the comparison
of theoretical predictions with the experimental data, and
emphasize some important aspects of our analysis.
Figure 4. Excess noise to tunneling rate ratio as a
function of the current Is. (Color online). Shown are
experimental points and fits thereof by theoretical curves for
different values of the current In. The legend shows the In
value in nA for each curve (plot symbol). Fitting parameter
λ is defined independently for each value of In. Parameter θ
is set to θ = θmean =
∑
i θi/5 = 0.39.
Figure 5. Excess temperature of the upper edge Tn−T0
as a function of the current In. (Color online). Compar-
ison of the points obtained from the data in Table III with
the fit of these points by formula (48) is shown.
The good quality of the fits shown in Fig. 4 suggests
that the minimal model of the ν = 2/3 quantum Hall
edge is consistent with the experimental data. Note,
that the existence of good fits is not trivial because of
the following reasons. The number of fitting parameters
is small; namely, two fitting parameters are used to get
Fig. 3, only one is used for Fig. 4 and no fitting param-
eters are involved in obtaining Fig. 6. Moreover, our
theory imposes strong constraints on the shape of the
function Xλ,θ(Is) in the whole region of parameters λ, θ.
For example, as can be seen from Eq. (47), the gradient
of the large Is asymptote of the curve Xλ,θ(Is) varies be-
tween e/3 and 2e/3 as θ increases from zero to infinity.
The fact that the experimental curve lies between these
bounds is non-trivial.
9Figure 6. Excess noise to tunneling rate ratio for
Is = 0 as a function of current In. (Color online). Ex-
perimental points are taken from Fig. 2 of [2] for the tun-
neling rate r ≈ 0.2. The theoretical curve is obtained for
θ = θmean =
∑
i θi/5 = 0.39. The values of λ are given by
Eq. (48). No fitting procedure is involved.
The fact that the gradient of the large Is asymptote
of the curve Xλ,θ(Is) does not coincide with the limiting
values of e/3 and 2e/3 provides an indirect confirmation
of the presence of more than one quasiparticle species
taking part in tunneling. Indeed, in the case of a single
quasiparticle species of charge Q, the asymptote gradient
would equal Q. From considerations similar to the flux
insertion argument [28, Section 7.5] one can deduce that
the natural ν = 2/3 fractional charges are integer multi-
ples of e/3. Interpreting the asymptotic behavior of the
noise to tunneling rate ratio in terms of a single quasi-
particle tunneling, one would get an unnatural value of Q
lying between e/3 and 2e/3. The minimal model of the
ν = 2/3 edge explains this contradiction in a natural way:
the experimentally observed ”charge” is a weight average
of the charges of two equally relevant quasiparticles with
weights defined by non-universal tunneling amplitudes’
ratio θ. This gives an extra argument in favor of the
minimal model of the ν = 2/3 edge with the K-matrix
(25). A similar point was made in paper [11] in relation
to the experiment [9].
Note, that the minimal model analyzed here can also
be regarded as the low-energy limit of the extended mod-
els proposed in Refs. [10, 11]. At higher energies both
extended models predict tunneling contact physics to be
dominated by a quasiparticle with charge e/3. Since we
do not see this in our analysis, we conclude that either the
extended physics is not present in the system or occurs
above the energies probed in the experiment of Ref. [2].
It should, however, be emphasized that the minimal
ν = 2/3 edge model alone is not sufficient to describe
the present experiment. Extra assumptions are needed
to model the non-universal physics of Ohmic contacts,
edge equilibration mechanisms, and the tunneling con-
tact. Such assumptions have been discussed throughout
the text, and here we summarize them:
• injection of electric current into an Ohmic contact
induces non-equilibrium noise in the neutral mode
but not in the charged mode;
• injection of electric current into an Ohmic contact
does not induce a shift in the neutral mode chemi-
cal potential (that is the thermodynamic potential
dual to the neutral charge defined through Eqs. (6)
and (26));
• strong equilibration of the charged and the neutral
modes takes place along the edge resulting in some
current-dependent local temperature of the edge;
• the tunneling contanct can be modeled by the mini-
mal tunneling Hamiltonian (28) with tunneling am-
plitudes depending on the edge chemical potential
in some non-universal way.
While these phenomenological assumptions are plausible,
they may not be accurate. Moreover, their validity may
depend on the experimental conditions.
The theoretical framework presented here enables a
more detailed experimental investigation and refinement
of our understanding of non-equilibrium processes at the
edge. For example, in the present work we use exper-
imental data to establish a phenomenological law (48)
describing the dependence of the neutral mode tempera-
ture at the QPC on the current In (see Figs. 5 and Fig. 6).
Recently there has been some theoretical progress in un-
derstanding of the interaction of Ohmic contacts with
the quantum Hall edge [29]. However, at present a com-
plete theoretical predictive model of Ohmic contacts is
still missing, and the information on the neutral mode
heating may contribute to its development.
It is also interesting to note that we do not find any
significant dependence of the ratio of the tunneling ampli-
tudes of different species of quasiparticles on the currents
In, Is (see discussion of Figs. 3 and 4). This is surprising
since the tunneling amplitudes themselves appear to vary
significantly to explain the tunneling rate dependence on
Is observed in [2]. This fact suggests the existence of
a mechanism which ensures roughly equal participation
of all three quasiparticles species in the tunneling. It is
known [3, 4] that disorder scattering at the edge enforces
the SU(2) symmetry between the quasiparticle species. A
similar mechanism might be responsible for the discussed
phenomenon.
We emphasize that our theoretical predictions are de-
rived in the limit of perturbatively weak tunneling of the
quasiparticles. Therefore, the tunneling rate at which the
comparison with the experimental data is made should
be small enough so that our theory remains valid, but
large enough in order to minimize statistical errors of
the noise to tunneling rate ratio.
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CONCLUSIONS
Using the chiral Luttinger liquid theory of the quan-
tum Hall edge we develop a quantitative model of the
experiment reported in [2]. This model enables us to
extract important quantitative information about non-
equilibrium processes in Ohmic and tunneling contacts
from the experimental data. In particular, for ν = 2/3,
we find a power-law dependence of the neutral mode tem-
perature on the charge current injected from the Ohmic
contact. We also find a surprising behavior of quasipar-
ticle tunneling amplitudes which may be a signature of
the SU(2) symmetry in the quasiparticle tunneling across
the QPC.
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Appendix A: Useful one-edge correlation functions
Here we give explicit expressions for the correlation
functions at a single edge without tunneling (described by
the minimal model for ν = 2/3 defined in the main text)
which are used to calculate the quantities of experimental
interest. In all the correlation functions of this appendix
we assume the infinite system size limit L→∞.
The two-point correlation function of quasi-particle op-
erators is equal to〈
V †g (x1, t1)Vg′(x2, t2)
〉
=
〈
V−g(x1, t1)Vg′(x2, t2)
〉
=
= δg,g′
∏
p=c,n
Fp(x1 − x2, t1 − t2 − iε,g) (49)
Fp(x, t,g) =
(piT )g
2
p
(ivp sinhpiTXp)
g2p
exp (iQ(p)µ(p)Xp/vp)
(50)
where Vg(x, t) is a quasiparticle excitation operator de-
fined in Eq. (10), g = (g1, g2) = (gc, gn) is the excitation
vector, p enumerates charged (c or 1) and neutral (n or
2) modes, Xp = −χpx + vpt, χp and vp are the mode
chirality and velocity respectively which enter the action
(1) (in our case χ1 = −χ2 = 1), and T is the tempera-
ture of the edge. The electric charge Q(c) = Q = g′1
√
ν,
ν = 2/3, and µ(c) = µ is the chemical potential of the
charged mode at the edge. It coincides with the chemical
potential of the Ohmic contact where the charged mode
originates. The neutral charge Q(n) = g′2 and the chemi-
cal potential µ(n) do not enter the formulas in the other
sections as we assume µ(n) = 0, though, in principle, in-
jection of the current from an Ohmic contact could shift
the neutral mode chemical potential. We have also intro-
duced an infinitesimally small positive number ε→ +0.
The electric current along the edge in equilibrium is
given by the average of the current operator Jµ=1 defined
in Eq. (5):〈
J1(x, t)
〉
= χcvc
〈
J0(x, t)
〉
=
= −vc
√
ν
L
〈
pi0(c)
〉
= χc
ν
2pi
µ(c) =
ν
2pi
µ(c) (51)
in agreement with the quantization law of Hall conduc-
tance [30].
The two-point correlation function of quasi-particle op-
erators with the current operator inserted is given by〈
J1(x0, t0)V
†
g (x1, t1)Vg′(x2, t2)
〉
=
=
〈
V †g (x1, t1)Vg′(x2, t2)
〉×(〈J1(x0, t0)〉+
+
Q(c)χcpiT
2pii
(cothpiT (Y0 − Y1)− cothpiT (Y0 − Y2))
)
,
(52)
where Yi = t− χcx/vc + iκi. κ0 = 0, κ1 = κ→ +0 is an
infinitesimally small positive number, κ2 = κ1 + ε, and ε
is the same as in the two-particle correlation function.
Finally, the current-current correlation function is〈
J1(x0, t0)J
1(x1, t1)
〉
=
〈
J1(x0, t0)
〉〈
J1(x1, t1)
〉
+
+
ν
(2pi)2
(piT )2
(i sinhpiT (Y0 − Y1))2 , (53)
where Yi = t− χcx/vc + iκi, κ0 = 0, κ1 = κ→ +0 is an
infinitesimally small positive number.
Appendix B: Tunneling current
Here we present a derivation of the expressions for the
tunneling current IT and the tunneling rate r.
The tunneling current can be defined as the time
derivative of the total charge at the lower edge:
IT =
d
dt
Q(l) = i[H,Q(l)] = i[HT , Q
(l)], (54)
Q(l) =
∞∫
−∞
J0(l)(x, t)dx. (55)
Here J0(l) is the lower edge charge density operator J0
defined in Eq. (5), H is the full system Hamiltonian and
HT is the tunneling Hamiltonian (28). Using the latter
we get an explicit expression
IT,int(t) = i
∑
i
Qi
(
ηiAi(t)− η∗iA†i (t)
)
, (56)
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where Qi are the quasiparticle charges Q in Table I and
Ai are the operators defined in Eq. (29). This is the tun-
neling current operator in the interaction picture with
interaction HT (which is emphasized by the subscript
”int”). We calculate the expression for the tunneling cur-
rent operator in the Heisenberg picture within the per-
turbation theory in HT :
IT (t) = IT,int(t)+i
t∫
−∞
dτ [HT (τ), IT,int(t)]+O(|ηi|3) =
= i
∑
i
Qi
(
ηiAi(t)− η∗iA†i (t)
)−
−
∑
i,j
Qi
t∫
−∞
dτ
[
ηjAj(τ) + η
∗
jA
†
j(τ), ηiAi(t)− η∗iA†i (t)
]
+
+O(|ηi|3). (57)
The observed tunneling current is then
〈IT (t)〉 =
=
∑
i
Qi|ηi|2
t∫
−∞
dτ
〈[
Ai(τ), A
†
i (t)
]
−
[
A†i (τ), Ai(t)
]〉
+
+O(|ηi|3). (58)
We have used the relationships 〈Ai(t)〉 = 〈Aj(τ)Ai(t)〉 =
0,
〈
A†j(τ)Ai(t)
〉
∝ δij .
It can be checked with explicit correlation functions
(50) that the integral of each of the summands in the
formula (58) is convergent. Thus, one can split them and
manipulate separately. Using time translational invari-
ance of the correlation functions in both summands and
changing sign of the integration variable in the second
one we finally get
〈IT (t)〉 =
∑
i
Qi|ηi|2
+∞∫
−∞
dτ
〈[
Ai(τ), A
†
i (0)
]〉
+O(|ηi|3),
(59)
which leads to the expression (30) for the tunneling
rate r.
Appendix B1: Tunneling current (continued)
Starting from the expression (59) for the tunneling cur-
rent expectation value and using the explicit form of the
correlation functions (49) and (50), we obtain up to cor-
rections of O(|ηi|3)
〈IT (t)〉 = 2i
∑
i
Qi|ηi|2v−4δc
(
vc
vn
)2((gi)2)2 +∞∫
−∞
dτ
(piTn)
2δ(piTs)
2δ sinQi∆µτ
(i sinhpiTn(τ − iε))2δ(i sinhpiTs(τ − iε))2δ , (60)
where Tn = T
(u) is the upper edge temperature, Ts =
T (l) is the lower edge temperature, ∆µ = µ(c,u)−µ(c,l) is
the difference of the chemical potentials of the upper and
the lower edges’ charged modes, the numbers (gi)1, (gi)2
are presented in the columns g1, g2 respectively of Table I
for each of the three excitations enumerated by i, and δ
is the scaling dimension of the excitations presented in
the column δ of Table I, and ε→ +0 is an infinitesimally
small positive number.
For 0 < δ < 1/2 the last formula can be further sim-
plified:
IT = 〈IT (t)〉 =
∑
i
4Qi|ηi|2v−4δc
(
vc
vn
)2((gi)2)2
sin 2piδ
+∞∫
0
dτ
(piTn)
2δ(piTs)
2δ sinQi∆µτ
(sinhpiTnτ)2δ(sinhpiTsτ)2δ
. (61)
Appendix C: Noise
In this section we derive expressions for the noise spec-
tral density S(ω) at zero frequency ω.
The operator I(t) of the full current flowing to the
Voltage probe can be presented as a sum of the tunnel-
ing current IT (t) defined in Eq. (57) and the current I0
flowing along the lower edge just before the QPC :
I(t) = I0(t) + IT (t), (62)
I0(t) = J
1(l)(x = −0, t), (63)
here I(t) and I0(t) are operators in the Heisenberg pic-
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ture.
The noise spectral density S(ω) defined in Eq. (31)
then separates into four terms, see Eqs. (32) and (33),
where the identity Sab(ω) = Sba(−ω) following from the
time translational invariance of the correlation functions
has been used.
Using Eq. (53) one obtains
S00(ω = 0) =
=
1
2
ν
(2pi)2
∞∫
−∞
dτ
(piT (l))2
(i sinhpiT (l)(−τ − iε))2 + c.c. =
=
ν
2pi
T (l), (64)
where T (l) is the lower edge temperature, and ε → +0
is an infinitesimally small positive number. This is the
identity (34).
Since 〈Ai(t)〉 = 0, STT (ω) can be expressed in the
following way up to corrections O(|ηi|3):
STT (ω) =
∞∫
−∞
dτ exp
(
iωτ
)1
2
〈{
IT (0), IT (τ)
}〉
. (65)
Using 〈Aj(τ)Ai(t)〉 = 0,
〈
A†j(τ)Ai(t)
〉
∝ δij and neglect-
ing terms O(|ηi|3) we further simplify this expression to
STT (ω) =
=
1
2
∑
i
Q2i |ηi|2
∞∫
−∞
dτ exp
(
iωτ
)〈{
Ai(0), A
†
i (τ)
}〉
+
+ c.c., (66)
which at ω = 0 is equivalent to Eq. (35) due to the time
translational invariance of the correlation functions.
Moving to S0T (ω), we find up to the corrections
O(|ηi|3) that
S0T (ω) =
1
2
∑
i
Qi|ηi|2
∞∫
−∞
dτ
τ∫
−∞
dτ ′ exp
(
iωτ
)×
×
〈{
∆I0(0),
[
Ai(τ
′), A†i (τ)
]
−
[
A†i (τ
′), Ai(τ)
]}〉
.
(67)
In analogy with the calculation of the tunneling current
expectation value, the integral of each of the two sum-
mands in the last formula is convergent, thus we can ma-
nipulate the two summand integrals separately. Chang-
ing the order of integration and renaming τ ↔ τ ′ in
the second summand we arrive at the expression (36)
for ω = 0.
Appendix C1: Noise — the TT term
Starting from the expression (35) for the TT compo-
nent of the current noise and using the explicit form of
the correlation functions (49) and (50), we obtain up to
corrections of O(|ηi|3)
STT (0) = 2
∑
i
Q2i |ηi|2v−4δc
(
vc
vn
)2((gi)2)2 +∞∫
−∞
dτ
(piTn)
2δ(piTs)
2δ cosQi∆µτ
(i sinhpiTn(τ − iε))2δ(i sinhpiTs(τ − iε))2δ , (68)
where Tn = T
(u) is the upper edge temperature, Ts =
T (l) is the lower edge temperature, ∆µ = µ(c,u)−µ(c,l) is
the difference of the chemical potentials of the upper and
the lower edges’ charged modes, the numbers (gi)1, (gi)2
are presented in the columns g1, g2 respectively of Table I
for each of the three excitations enumerated by i, and δ
is the scaling dimension of the excitations presented in
the column δ of Table I, and ε→ +0 is an infinitesimally
small positive number.
For 0 < δ < 3/4 the last formula can be rewritten as
STT (0) = 4
∑
i
Q2i |ηi|2v−4δc
(
vc
vn
)2((gi)2)2
cos 2piδ × lim
ε→+0
 +∞∫
ε
dτ
(piTn)
2δ(piTs)
2δ cosQi∆µτ
(sinhpiTnτ)2δ(sinhpiTsτ)2δ
+
ε1−4δ
1− 4δ
 . (69)
Appendix C2: Noise — the 0T term
Starting from the expression (36) for the 0T compo-
nent of the current noise and using the explicit form of
the correlation functions (49), (50), and (52), we obtain
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up to corrections of O(|ηi|3)
S0T (0) =
∑
i
Q2i
2pi
|ηi|2v−4δc
(
vc
vn
)2((gi)2)2 +∞∫
−∞
dt
+∞∫
−∞
dτ
i(piTn)
2δ(piTs)
2δ+1 cosQi∆µ(τ − t)
(i sinhpiTn(τ − t− i(κ− ε)))2δ(i sinhpiTs(τ − t− i(κ− ε)))2δ
× (cothpiTs(−τ − iε)− cothpiTs(−t− iκ)) + c.c., (70)
where Tn = T
(u) is the upper edge temperature, Ts =
T (l) is the lower edge temperature, ∆µ = µ(c,u)−µ(c,l) is
the difference of the chemical potentials of the upper and
the lower edges’ charged modes, the numbers (gi)1, (gi)2
are presented in the columns g1, g2 respectively of Table I
for each of the three excitations enumerated by i, and
δ is the scaling dimension of the excitations presented
in the column δ of Table I, and ε → +0, κ → +0 are
infinitesimally small positive numbers such that κ > ε.
It is tempting to integrate each of the two hyperbolic
cotangents separately, however, the integrals of a signle
cotangent diverge as t and τ go to ±∞ with t − τ be-
ing finite. Yet, the integral of the difference of the two
cotangents is absolutely convergent. After a change of
variables τ = t+ y we get:
S0T (0) =
∑
i
Q2i
2pi
|ηi|2v−4δc
(
vc
vn
)2((gi)2)2 +∞∫
−∞
dy
+∞∫
−∞
dt
i(piTn)
2δ(piTs)
2δ+1 cosQi∆µy
(i sinhpiTn(y − i(κ− ε)))2δ(i sinhpiTs(y − i(κ− ε)))2δ
× (cothpiTs(−t− y − iε)− cothpiTs(−t− iκ)) + c.c. (71)
Since
+∞∫
−∞
dt(cothpiTs(−t− y − iε)− cothpiTs(−t− iκ)) =
+∞∫
−∞
dt(cothpiTs(t− y − iε)− cothpiTs(t− iκ)) =
1
piTs
ln
sinhpiTs(t− y − iε)
sinhpiTs(t− iκ)
∣∣∣∣+∞
−∞
= −2(y − i(κ− ε)), (72)
we get
S0T (0) =
∑
i
2Q2i
pi
|ηi|2v−4δc
(
vc
vn
)2((gi)2)2 +∞∫
−∞
dy
−i(piTn)2δ(piTs)2δ+1(y − i(κ− ε)) cosQi∆µy
(i sinhpiTn(y − i(κ− ε)))2δ(i sinhpiTs(y − i(κ− ε)))2δ =
∑
i
2Q2i
pi
|ηi|2v−4δc
(
vc
vn
)2((gi)2)2 +∞∫
−∞
dy
−i(piTn)2δ(piTs)2δ+1y cosQi∆µy
(i sinhpiTn(y − i(κ− ε)))2δ(i sinhpiTs(y − i(κ− ε)))2δ . (73)
For 0 < δ < 1/2 the last formula can be rewritten as
S0T (0) = −4
∑
i
Q2i
pi
|ηi|2v−4δc
(
vc
vn
)2((gi)2)2
sin 2piδ
+∞∫
0
dτ
(piTn)
2δ(piTs)
2δ+1τ cosQi∆µτ
(sinhpiTnτ)2δ(sinhpiTsτ)2δ
. (74)
Appendix D: Excess noise
In the equilibrium (∆µ = 0 and Tn = Ts = T0) one
can represent the integrals in formulas (69) and (74) in
terms of Euler gamma function which leads to
STT (0)|eq = 4
∑
i
Q2i |ηi|2v−4δc
(
vc
vn
)2((gi)2)2
cos 2piδ×
(piT0)
4δ−1 1
2
√
pi
Γ
(
1
2
− 2δ
)
Γ(2δ), (75)
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S0T (0)|eq = − 4
pi
∑
i
Q2i |ηi|2v−4δc
(
vc
vn
)2((gi)2)2
sin 2piδ×
(piT0)
4δ−1
√
pi
4
cot (2piδ)Γ
(
1
2
− 2δ
)
Γ(2δ). (76)
Thus,
STT (0)|eq + 2S0T (0)|eq = 0. (77)
Taking into account that the Johnson-Nyquist noise of
the lower edge S00(0) does not depend on the currents
In, Is, we get the expression (38) for the excess noise
S˜(0).
Appendix E: Putting things together
The expressions (39)-(46) for the ratio X of the excess
noise S˜(0) = STT (0) + 2S0T (0) (38) and the tunneling
rate r = |IT /Is| (30) can be straightforwardly obtained
using the explicit expressions for IT , STT (0), S0T (0) in
formulas (61), (69), (74) respectively. We only changed
the integration variable τ → piTst and restored the fun-
damental constants: the elementary charge e, the Planck
constant h = 2pi~, and the Boltzmann constant kB .
We remind the reader that in the main text of the pa-
per we assumed the neutral mode chemical potentials of
both edges µ(n,u), µ(n,l) to be zero. However, if needed,
the neutral mode chemical potentials can be easily incor-
porated into the formulas (42)-(45) by the substitution
Qijst →
(
Qijs −Q(n)i (µ(n,u) − µ(n,l))
)
t. The neutral
charges of the quasiparticles Q
(n)
i = (gi)2 are given in
the column g2 of Table I.
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